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AN F. AND M. RIESZ THEOREM
FOR PLANAR VECTOR FIELDS
S. Berhanu and J. Hounie
Abstract. We prove that solutions of the homogeneous equation Lu = 0, where L
is a locally integrable vector field with smooth coefficients in two variables possess the
F. and M. Riesz property. That is, if Ω is an open subset of the plane with smooth
boundary, u ∈ C1(Ω) satisfies Lu = 0 on Ω, has tempered growth at the boundary,
and its weak boundary value is a measure µ, then µ is absolutely continuous with
respect to Lebesgue measure on the noncharacteristic portion of ∂Ω.
Introduction
Consider a Borel measure µ defined on the boundary T of the unit circle ∆ of
the complex plane. A classical theorem proved in 1916 by F. and M. Riesz states
that if the Fourier coefficients of µ vanish for all negative integral values, i.e.,
(a) µ̂(k) =
∫ 2π
0
exp(−2πikθ) dµ(θ) = 0, k = −1,−2, . . . ,
then µ is absolutely continuous with respect to the Lebesgue measure dθ. Condition
(a) is equivalent to the existence of a holomorphic function f(z) defined on ∆ whose
weak boundary value is µ.
The F. and M. Riesz theorem has undergone an extensive generalization in the
last decades, mainly in two different directions: i) generalized analytic function
algebras, which has as a starting point the fact that (a) means that µ is orthogonal
to the algebra of continuous functions on T that extend holomorphically to ∆; ii)
ordered groups, which emphasizes instead the role of the group structure of T in
the classical result. Thus, although absolute continuity with respect to Lebesgue
measure is a local property (i.e., if each point has a neighborhood where it holds
then it holds everywhere), both directions focus on global objects. A remarkable
exception is the paper [B] in which the author uses microlocal analysis to prove
some generalizations of the theorem of F. and M. Riesz. Among other things, in
[B] it is shown that if a CR measure on a hypersurface of Cn is the boundary value
of a holomorphic function defined on a side, then it is absolutely continuous with
respect to Lebesgue measure.
In view of Riemann’s mapping theorem and the local character of the conclusion,
another way of stating the F. and M. Riesz theorem is to say that if a holomorphic
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function f(z) defined on a smoothly bounded domain D of the complex plane has
tempered growth at the boundary and its weak boundary value is a measure, then
the measure is absolutely continuous with respect to Lebesgue measure. If we
regard holomorphic functions as solutions of the homogeneous equation ∂f = 0, it
is natural to ask for which complex vector fields L it is possible to draw the same
conclusion for solutions of the equation Lf = 0. In this paper we extend the F.
and M. Riesz theorem to all locally integrable, smooth complex vector fields in the
plane for smooth domains at the noncharacteristic part of the boundary. We recall
that a nowhere vanishing smooth vector field
L = a(x, y)
∂
∂x
+ b(x, y)
∂
∂y
is said to be locally integrable in an open set Ω if each p ∈ Ω is contained in a
neighborhood which admits a smooth function Z with the properties that LZ = 0
and the differential dZ 6= 0. Examples of locally integrable vector fields include real
analytic vector fields and smooth, locally solvable vector fields. We note however
that the class of locally integrable vector fields is much larger and refer to [T] on
this subject.
In his work [B], the author gives a microlocal criterion for the absolute conti-
nuity of a measure analogous to (a) based on Uchiyama’s deep characterization of
BMO(Rn) [U]. Similarly, one of the main steps in our generalization of the F. and
M. Riesz theorem is Theorem 3.1 in section 3 which concerns the location of the
wave front set of the trace of a C1 solution of a locally integrable vector field in Rn.
Here an important tool is the use of the FBI transform in the fashion developed
in [BCT] and [T]. However, since we apply this result for n = 2, in which case the
trace lives in a one dimensional boundary, we do not need to rely on Uchiyama’s
theorem and the classical criterion (a) suffices. On the other hand, while in the
classical case and the generalizations in [B] the location of the wave front set of the
measure under consideration always satisfies a restrictive hypothesis which leads
to absolute continuity, this restriction is not fulfilled in general by the trace of a
solution of an arbitrary locally integrable vector field even if the solution is smooth
(an example concerning a vector field with real analytic coefficients is shown in
Example 4.3). Thus, we need to deal as well with points where the wave front set
of the measure may contain all directions; at those points the vector field L exhibits
a behavior close to that of a real vector field (in a sense made precise in Lemma
3.3) and absolute continuity may be proved directly.
The paper is organized as follows. In section 1 we state our main result (Theorem
1.1) and prove a lemma on the existence of traces on a noncharacteristic boundary
for continuous solutions of an arbitrary smooth complex vector field. In Section 2
we slightly extend one of the basic results in [B] with a new method of proof based
on the FBI transform. In Section 3 we focus on locally integrable vector fields and
give a refined description of the location of the wave front set of a solution’s trace;
this is a key step in the proof of Theorem 1.1 which is also proved in this section.
Finally, in section 4 we present some examples.
1. Statement of the main result
The following theorem is the main result of this article. The existence of the
trace bf = f(x, 0) will be proved in Lemma 1.2 in this section.
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Theorem 1.1. Suppose L = ∂∂t + a(x, t)
∂
∂x is smooth in a neighborhood U of the
origin in the plane. Let U+ = U ∩ R
2
+, and suppose f ∈ C
1(U+) satisfies Lf = 0
in U+ and for some integer N ,
|f(x, t)| = O(t−N ) as t→ 0.
Assume that L is locally integrable in U . If the trace bf = f(x, 0) is a measure,
then it is absolutely continuous with respect to Lebesgue measure.
We begin with a lemma on the existence of a trace that improves Theorem 3.4
in [B]. In the lemma, the vector field L will not be assumed to be locally integrable.
Lemma 1.2. Let X ⊆ Rn be open, U an open neighborhood of X × {0} in Rn+1,
U+ = U ∩ R
n+1
+ . Let L =
∂
∂t +
∑n
j=1 aj(x, t)
∂
∂xj
, a(x, t) ∈ C∞ on X ∪ U+. Let f
be a continuous function on U+ such that Lf ∈ L
∞(U+) and for some N ∈ N,
|f(x, t)| = O(t−N ) as t→ 0,
uniformly on compact subsets of X. Then limt→0 f(x, t) = bf exists in D
′(X).
Furthermore, if X × (0, T ] ⊆ U+, then the distributions {f(., t) : 0 ≤ t ≤ T } are
uniformly bounded in D′(X).
Remark. In [B] this Lemma is proved under the additional assumption that f is
C1 and that
|∂xf(x, t)| = O(t
−N ) as t→ 0.
Proof of Lemma 1.2. We will proceed as in [B] with some modifications. Let φ ∈
C∞0 (X), and T > 0 such that
supp φ× [0, T ] ⊆ X ∪ U+
For ǫ ≥ 0 sufficiently small, set
Lǫ =
∂
∂t
+
n∑
j=1
aj(x, t+ ǫ)
∂
∂xj
Let k ∈ N. We will choose φǫ0, . . . , φ
ǫ
k ∈ C
∞(U+) such that if
Φk,ǫ(x, t) =
k∑
j=0
φǫj(x, t)
tj
j!
,
then
(1) Φk,ǫ(x, 0) = φ(x), and (2) |(Lǫ)∗Φk,ǫ(x, t)| ≤ Ctk,
where C depends only on the derivatives of φ upto order k + 1. In particular, C
will be independent of ǫ. Define φǫ0(x, t) = φ(x). For j ≥ 1, write
Lǫ =
∂
∂t
+Qǫ(x, t,
∂
∂x
),
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and define
φǫj(x, t) = −
∂
∂t
φǫj−1(x, t) + (Q
ǫ)∗φǫj−1
One easily checks that (1) and (2) above hold with these choices of the φǫj . We will
next use the integration by parts formula of the form
∫
u(x, T )w(x, T )dx−
∫
u(x, 0)w(x, 0)dx =
∫ T
0
∫
Rn
(wPu− uP ∗w)dxdt
which is valid for P a vector field, u and w in C1(Rn × [0, T ]) and the x−support
of w contained in a compact set in Rn. Note that the x-support of Φk,ǫ(x, t) is
contained in the support of φ(x). Let ψ ∈ C∞0 (B1(0)), where B1(0) denotes the
ball of radius 1 centered at the origin in Rn+1. Assume
∫ ∫
ψdxdt = 1, and for
δ > 0, let ψδ(x, t) =
1
δn+1ψ(
x
δ ,
t
δ ). For ǫ > 0, set fǫ(x, t) = f(x, t + ǫ). Observe
that if δ < ǫ, then the convolution fǫ ∗ ψδ(x, t) is C
∞ in the region t > 0. In the
integration by parts formula above set u(x, t) = fǫ ∗ ψδ(x, t), w(x, t) = Φ
k,ǫ(x, t)
and P = Lǫ. We get:∫
X
fǫ ∗ ψδ(x, 0)φ(x)dx =
∫
X
fǫ ∗ ψδ(x, T )Φ
k,ǫ(x, T )dx
−
∫ T
0
∫
X
Lǫ (fǫ ∗ ψδ) Φ
k,ǫdxdt(1.1)
+
∫ T
0
∫
X
fǫ ∗ ψδ(L
ǫ)∗Φk,ǫdxdt
Fix ǫ > 0. Let δ → 0+. Note that fǫ ∗ ψδ(x, t) converges uniformly to fǫ(x, t) on a
neighborhood W of supp φ× [0, T ]. Hence in D′(W ),
Lǫ (fǫ ∗ ψδ)→ L
ǫfǫ
as δ → 0+. Moreover, Lǫfǫ(x, t) = Lf(x, t + ǫ) ∈ L
∞. Hence by Friederichs’
Lemma,
Lǫ (fǫ ∗ ψδ)→ L
ǫfǫ
in L2(W ) as δ → 0+. We thus get∫
X
f(x, ǫ)φ(x)dx =
∫
X
f(x, T + ǫ)Φk,ǫ(x, T )dx
−
∫ T
0
∫
X
Lǫfǫ(x, t)Φ
k,ǫ(x, t)dxdt(1.2)
+
∫ T
0
∫
X
fǫ(x, t)(L
ǫ)∗Φk,ǫ(x, t)dxdt
In the third integral on the right, we have
|fǫ(x, t)(L
ǫ)∗Φk,ǫ(x, t)| ≤ Ctk−N ,
where C depends only on the derivatives of φ upto order k+1. Choose k = N +1.
By the dominated convergence theorem, as ǫ → 0, this third integral converges
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to
∫ T
0
∫
X fL
∗Φkdxdt. In the second integral on the right, note that since Lf ∈
L2(X × (0, T )), as ǫ→ 0, the translates Lǫfǫ = (Lf)ǫ → Lf in L
2. We thus get
〈bf, φ〉 =
∫
X
f(x, T )Φk(x, T )ds−
∫ T
0
∫
X
LfΦkdxdt+
∫ T
0
∫
X
fL∗Φkdxdt,
where Φk = Φk,0. From formula (1.2), we also see that there is C > 0 independent
of ǫ such that
(1.3) |〈f(., ǫ), φ〉| ≤ C
∑
|α|≤k+1
‖∂αφ‖L∞
2. The FBI approach
We will next present another proof of Theorem 3.5 in [B]. Our method of proof is
based on a variant of the FBI transform developed in [BCT] and [T]; this approach
will also be used in the proof of Theorem 1.1 which concerns a class of vector fields
not covered in [B]. In our version, thanks to Lemma 1.2, we will not assume that
∂xf(x, t) has a tempered growth as t → 0+. Note also that in Theorem 2.1 local
integrability of L is not assumed.
Theorem 2.1. Let X, U , U+ and L =
∂
∂t +
∑n
j=1 aj(x, t)
∂
∂xj
be as in Lemma 1.2.
Suppose f ∈ C1(U+) satisfies |f(x, t)| = O(t
−N ) for some N and
|Lf(x, t)| = O(tk), k = 1, 2, ...
uniformly on compact subsets of X. Assume
∂jt a(x, 0) = 0 ∀j < l, ∀x ∈ X
and that
〈∂ltIm a(x0, 0), ξ
0〉 > 0 for some x0 ∈ X, ξ
0 ∈ Rn.
Then (x0, ξ
0) /∈WF (bf)
Proof. Without loss of generality, we may assume that x0 = 0. Let Z1, . . . , Zn be
a complete set of smooth approximate first integrals of L near the origin in U (see
[T] for the existence of such). That is,
LZj(x, t) = O(t
k), k = 1, 2, ... and Zj(x, 0) = xj , 1 ≤ j ≤ n.
For j = 1, . . . , n let Mj =
∑n
k=1 bjk(x, t)
∂
∂xk
be vector fields satisfying
MjZk = δ
k
j , [Mj,Mk] = 0.
Note that for each j,
(2.1) [Mj, L] =
n∑
s=1
cjsMs
6 S. BERHANU AND J. HOUNIE
where each cjs = O(t
k), k = 1, 2, ... Indeed, the latter can be seen by expressing
[Mj , L] in terms of the basis {L,M1, . . . ,Mn} and applying both sides to the n+1
functions {t, Z1, . . . , Zn}. For any C
1 function g, observe that the differential
(2.2) dg =
n∑
k=1
Mk(g)dZk + (Lg −
n∑
k=1
Mk(g)LZk)dt
This is verified by evaluating each side at the basis vector fields {L,M1, . . . ,Mn}.
Using (2.2) we get:
(2.3) d(gdZ1 ∧ · · · ∧ dZn) = (Lg −
n∑
k=1
Mk(g)LZk)dt ∧ dZ1 ∧ · · · ∧ dZn
For ξ ∈ Rn, s ∈ Rn, let
E(s, ξ, x, t) = iξ · (s− Z(x, t))− |ξ|(s− Z(x, t))2,
where for w ∈ Cn, we write w2 =
∑n
j=1 w
2
j . Let B denote a small ball centered at
0 in Rn and φ ∈ C∞0 (B), φ ≡ 1 near the origin. We will apply (2.3) to the function
g(s, ξ, x, t) = φ(x)f(x, t)eE(s,ξ,x,t)
where (s, ξ) are parameters. We get:
(2.4) d(gdZ) = {L(φf) + (φf)LE −
n∑
k=1
(Mk(φf) + φf(MkE))LZk}e
Edt ∧ dZ,
where dZ = dZ1 ∧ · · · ∧ dZn. Next by Stokes theorem we have, for t1 > 0 small:
(2.5)
∫
B
g(s, ξ, x, 0)dx =
∫
B
g(s, ξ, x, t1)dxZ(x, t1) +
∫ t1
0
∫
B
d(gdZ)
We will estimate the two integrals on the right in (2.5). Write
Z = (Z1, . . . , Zn) = x+ tΨ(x, t), and Ψ = Ψ1 + iΨ2.
Since the Zj are approximate solutions of L, we have
Ψ + tΨt + (I + tΨx) · a = O(t
k), k = 1, 2...
and hence
(2.6) ∂jtΨ(x, 0) = 0, j < l and 〈∂
l
tΨ2(x, 0), ξ
0〉 < 0
for x in a neighborhood V of B (after shrinking B, if necessary). Observe that
ReE(s, ξ, x, t) = tξ ·Ψ2(x, t)− |ξ|((s− x− tΨ1)
2 − t2Ψ2(x, t)
2)
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Because of (2.6), continuity and homogeneity in ξ, we can get c1 > 0 such that
ReE(s, ξ, x, t) ≤ −c1|ξ|t
l+1, for x ∈ V, 0 ≤ t ≤ t1
(2.7) s ∈ Rn and ξ in a conic nbhd Γ of ξ0.
Going back to the integrals in (2.5), we clearly have∣∣∣∣
∫
B
g(s, ξ, x, t1)dxZ(x, t1)
∣∣∣∣ ≤ e−c2|ξ|,
for some c2 > 0, for s ∈ R
n and ξ ∈ Γ. To estimate
∫ t1
0
∫
B
d(gdZ), we use (2.4) and
look at each term that appears there. We first consider the term L(φf)eE . For any
k,
|φ(Lf)eE | ≤ Ckt
lke−c1t
l|ξ| ≤
C′k
|ξ|k
Moreover, the x-integral∫
B
(Lφ)feEdZ = 〈f(., t), (Lφ)eE〉
can be estimated using Lemma 1.2. Accordingly, after decreasing t1, we can get
δ > 0 such that if |s| ≤ δ and ξ ∈ Γ,
|〈f(., t), (Lφ)eE〉| ≤ C
∣∣∣∣∣∣
∑
|α|≤N+1
∂αx ((Lφ)e
E)
∣∣∣∣∣∣
L∞
≤ Ce−c|ξ|
for some constants c, C > 0. In the latter, we have used the constancy of φ near 0.
It follows that the integral ∫
B
∫ t1
0
L(φf)eEdt ∧ dZ
decays rapidly in ξ. The term (φf)LEeE is estimated using the fact that for any
k, |LE| ≤ ckt
k|ξ| for some constant ck and that |e
E | ≤ e−c1t
l|ξ|. This shows that∫
B
∫ t1
0
(φf)LEeEdt ∧ dZ
decays rapidly in ξ. The integral of φf(MkE)LZke
E is estimated likewise. To
estimate the integral of (Mk(φf))LZke
E , we first integrate in x and apply Lemma
1.2 again. Indeed, the Lemma also applies to the weak derivative Mk(φf). Thus∫
B
∫ t1
0
d(gdZ)
has a rapid decay in ξ, and going back to (2.5), we have shown:
(2.8) F (s, ξ) =
∫
B
eiξ·(s−x)−|ξ|(s−x)
2
φ(x)f(x, 0)dx
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decays rapidly for |s| ≤ δ in Rn and ξ in a conic neighborhood Γ of ξ0. The
function F (s, ξ) is the FBI transform (see [BCT]) of the distribution φ(x)f(x, 0).
To conclude the proof, we will exploit the inversion formula for the FBI, namely,
(2.9) φ(x)f(x, 0) = lim
ǫ→0+
cn
∫∫
ei(x−s)·ξ−ǫ|ξ|
2
F (s, ξ)|ξ|
n
2 dsdξ
where cn is a dimensional constant. Assume now that φ(x) is supported in the
ball centered at the origin with radius M . We will study the inversion integral in
(2.9) by writing it as a sum of three pieces : I1(ǫ), I2(ǫ), and I3(ǫ). The first piece
consists of integration over the region {(ξ, s) : |s| ≥ 2M}. In the second piece we
integrate over {(ξ, s) : δ ≤ |s| < 2M}, and in the third piece over {(ξ, s) : |s| ≤ δ}.
For the integral I1(ǫ), after integrating in s, one gets an exponential decay in ξ
independent of ǫ, and hence limǫ→0+ I1(ǫ) is in fact a holomorphic function near
the origin in Cn. To study the second piece, we write it as
I2(ǫ) = cn
∫
{(y,ξ,s):δ≤|s|<2M}
ei(x−y)·ξ−|ξ|(s−y)
2−ǫ|ξ|2φ(y)f(y, 0)|ξ|
n
2 dydsdξ
We will use the holomorphic function 〈ζ〉 = (ζ21 + · · · + ζ
2
n)
1
2 where we take the
principal branch of the square root in the region |Im ζ| < |Re ζ|. Observe that this
function is a holomorphic extension of |ξ| away from the origin. In the ξ integration
above, we can deform the contour to the image of
ζ(ξ) = ξ + iβ(x − y)|ξ|
where β is chosen sufficiently small. In particular, we choose β so that when x
varies near the origin and y stays in the support of φ, then |Im ζ(ξ)| < |Re ζ(ξ)|,
away from ξ = 0. In the integrand of I2(ǫ), if |x| ≤
δ
4 , we get an exponential decay
independent of ǫ. It follows that this piece is also holomorphic near the origin in
Cn after setting ǫ = 0. Finally, for the third piece, let Γ1, . . . ,Γm be convex cones
such that with Γ0 = Γ,
R
n =
m⋃
j=0
Γj ,
and for each j ≥ 1 there exists a vector vj satisfying vj ·Γj > 0 and vj · ξ
0 < 0. We
now write
I3(ǫ) =
m∑
j=0
Kj(ǫ),
where Kj equals the integral over Γj . The decay in the FBI established in (2.8)
shows us that K0 is a smooth function even after setting ǫ = 0. Each of the
remaining functions Kj, after setting ǫ = 0, is a boundary value of a tempered
holomorphic function in a wedge whose inner product with ξ0 is negative. Hence
(0, ξ0) /∈ WFa(Kj(0+)),
where WFa denotes the analytic wave front set (see [S]). The latter implies that
(0, ξ0) /∈WF (Kj(0+)).
Indeed, as is well known, a distribution u is microlocally analytic (resp. smooth)
at a covector γ iff there is an analytic (resp. smooth) pseudodifferential operator
P elliptic at γ such that Pu is analytic (resp. smooth). We have thus proved that
(0, ξ0) /∈ WF (f(x, 0)).
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3. Proof of Theorem 1.1 and auxiliary results
We next wish to get a better description of the wave front set of the trace of a
solution when the vector field in question is locally integrable.
We consider a smooth vector field L = X+ iY where X and Y are real vector fields
defined in a neighborhood U of the origin. Let Σ be an embedded hypersurface
through the origin in U dividing the set U into two regions, U+ and U− where
U+ denotes the region towards which X is pointing. We will consider a function
f ∈ C1(U+) that satisfies Lf = 0 on U+ and grows in a tempered fashion as p 7→ Σ.
We assume that L is noncharacteristic on Σ which means (after multiplying L by
i if necessary) that X is noncharacteristic. Our considerations will be local and so
after an appropriate choice of local coordinates (x, t) and multiplication of L by a
nonvanishing factor, the vector field is given by
(3.1) L =
∂
∂t
+
n∑
j=1
aj(x, t)
∂
∂xj
and Σ and U+ are given by t = 0 and t > 0 respectively.
We will need to consider the integral curve (−ǫ, ǫ) ∋ s 7→ γ(s) of X that passes
though the origin, i.e., γ′(s) = X ◦ γ(s), γ(0) = 0. It is clear that for small ǫ > 0
and |s| < ǫ, γ(s) ∈ U+ if and only if s > 0, so γ((−ǫ, ǫ)) ∩ U+ = γ((0, ǫ)). To
simplify the notation we will simply write γ+ to denote γ((0, ǫ)).
Theorem 3.1. Let L = ∂∂t +
∑n
j=1 aj(x, t)
∂
∂xj
be locally integrable.
i) Suppose f ∈ C1(U+) satisfies |f(x, t)| = O(t
−N ) for some N and
Lf(x, t) = 0, (x, t) ∈ U+.
Assume that there is a sequence pk ∈ γ
+, pk → 0 such that for each k =
1, 2, . . . , X(pk) and Y (pk) are linearly independent. Then there exists a
unit vector v such that
ξ0 ∈ Rn, v · ξ0 > 0 =⇒ (0, ξ0) /∈WF (bf).
In particular, the wave front set of bf at the origin is contained in a closed
half-space.
ii) Conversely, if X(p) and Y (p) are linearly dependent for all p ∈ γ+ there
exists a neighborhood V ⊂ U of the origin and a function f ∈ C1(V+) ∩
C0(V+) such that Lf = 0 and (0, ξ) ∈ WF (bf) for all ξ ∈ R
n \ {0}.
Proof. i) Let Z1, . . . , Zn be a complete set of smooth first integrals of L near the
origin in U (see [T] on the subject of locally integrable structures). That is,
LZj(x, t) = 0, k = 1, . . . , n, dZ1 ∧ · · · ∧ dZn(0, 0) 6= 0,
and choose new local coordinates (x, t) in which the Zj’s may be written as
Zj(x, t) = xj + iΦj(x, t), k = 1, . . . , n,
with Φ(0, 0) = 0 , Φx(0, 0) = 0 and Φxx(0, 0) = 0 (Φ = (Φ1, . . . ,Φn
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For j = 1, . . . , n let Mj =
∑n
k=1 bjk(x, t)
∂
∂xk
be vector fields satisfying
MjZk = δ
k
j , [Mj,Mk] = 0.
It is readily checked that for each j = 1, . . . , n,
(3.2) [Mj , L] = 0.
For any C1 function g, the differential may be expressed as
(3.3) dg = Lg dt+
n∑
k=1
Mkg dZk
Using (3.3) we get:
(3.4) d(gdZ1 ∧ · · · ∧ dZn) = Lg dt ∧ dZ1 ∧ · · · ∧ dZn
For ζ ∈ Cn, z ∈ Cn, let
E(z, ζ, x, t) = iζ · (z − Z(x, t))− κ〈ζ〉(z − Z(x, t))2,
Let B denote a small ball centered at 0 of radius r in Rn and φ ∈ C∞0 (B), φ ≡ 1
for |x| ≤ r/2, the precise value of r as well as the value of the positive parameter κ
in the definition of E will be determined later. We will apply (3.4) to the function
g(z, ζ, x, t) = φ(x)f(x, t)eE(z,ζ,x,t)
where (z, ζ) are parameters. We get:
(3.5) d(gdZ) = f Lφ eEdt ∧ dZ,
where dZ = dZ1 ∧ · · · ∧ dZn. Next by Stokes theorem we have, for t1 > 0 small:
(3.6)
∫
B
g(z, ζ, x, 0)dxZ(x, 0) =
∫
B
g(z, ζ, x, t1)dxZ(x, t1) +
∫ t1
0
∫
B
d(gdZ)
We will estimate the two integrals on the right in (3.6) and our aim is to show that
for x and z close to the origin in real and complex space respectively, both decay
exponentially as ζ →∞ in a conic neighborhood of ξ0. Write
Z = (Z1, . . . , Zn) = x+ iΦ(x, t), Φ = (Φ1, . . . ,Φn).
Observe that, assuming without loss of generality that |ξ0| = 1,
ReE(0, ξ0, x, t) = Φ(x, t) · ξ0 − κ(|x|2 − |Φ(x, t)|2).
Our main task will be to determine convenient values of t1, κ and r such that for
some γ > 0
(1) ReE(0, ξ0, x, t1) ≤ −γ for |x| ≤ r ;
(2) ReE(0, ξ0, x, t) ≤ −γ for 0 ≤ t ≤ t1 and r/2 ≤ |x| ≤ r.
The assumptions on Φ allow us to write
(3.7) Φ(x, t) = Φ(0, t) + e(x, t), |e(x, t)| ≤ A|xt|+B|x|2
for some positive constants A and B. We may assume that Φt(0, 0) = 0, otherwise
the result we want to prove would follow from Theorem 2.1. Hence, we may assume
that the quotient |Φ(0, t)|/t2 ≤ C for (0, t) ∈ U+. In order to find the vector v
mentioned in the statement of the theorem we will need
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Lemma 3.2. There exist a sequence tk ց 0 such that
(1) Φ(0, tk) 6= 0;
(2) |Φ(0, t)| ≤ |Φ(0, tk)| for 0 ≤ t ≤ tk;
(3) lim
tk→0
Φ(0, tk)/|Φ(0, tk)| = −v
We will postpone the proof of Lemma 3.2 and continue our reasoning with v
given by (3). We have Φ(0, tk) + |Φ(0, tk)| v = o(|Φ(0, tk)|). We recall that by
hypothesis ξ0 · v > 0. Hence,
Φ(0, tk) · ξ
0 = −|Φ(0, tk)| v · ξ
0 + o(|Φ(0, tk)|)
< −|Φ(0, tk)| v · ξ
0/2 = −c|Φ(0, tk)|,
for tk small and 0 < c < 1. We now take r = α|Φ(0, tk)|/tk, with α and tk small to
be chosen later. Hence, for |x| ≤ r and 0 ≤ t ≤ tk, we can choose α small enough
(depending on A, B and C but not on tk) so that
(3.8)
|e(x, t)| ≤ Aα |Φ(0, tk)|
t
tk
+Bα2
|Φ(0, tk)|
t2k
|Φ(0, tk)|
≤ c
|Φ(0, tk)|
2
.
This implies that on the support of φ(x) we have
−(1 + c)|Φ(0, tk)| ≤ Φ(x, tk) · ξ
0 ≤ −
c
2
|Φ(0, tk)|.
Let κ = ǫ/|Φ(0, tk)|. A consequence of (3.7), (3.8) and the fact that |Φ(0, t)| ≤
|Φ(0, tk)| for 0 ≤ t ≤ tk is
(3.9)
|Φ(x, t)| ≤ (1 + c)|Φ(0, tk)|
|Φ(x, t)|2 ≤ (1 + c)2|Φ(0, tk)|
2
κ|Φ(x, t)|2 ≤ ǫ(1 + c)2|Φ(0, tk)|
for x in the support of φ(x) and 0 ≤ t ≤ tk. Choosing ǫ = c/(4(1 + c)
2) (thus,
independent of tk), we get, on the support of φ(x),
Φ(x, tk) · ξ
0 + κ|Φ(x, tk)|
2 ≤ −
c
2
|Φ(0, tk)|+ ǫ(1 + c)
2|Φ(0, tk)| ≤ −
c
4
|Φ(0, tk)|
which leads to an exponential decay in the first integral on the right of (3.6) for z
complex near 0 and ζ in a complex conic neighborhood of ξ0, as soon as we replace
t1 by tk. For the second integral, note that for 0 ≤ t ≤ tk and x in the support of
φ, we may invoke again (3.9) to estimate the size of |Φ(x, t)| and κ|Φ(x, t)|2 which
gives, in view of the previous choice of ǫ,
|Φ(x, t)|+ κ|Φ(x, t)|2 ≤ (1 + c)|Φ(0, tk)|+
c
4
|Φ(0, tk)| ≤ (1 + 2c)|Φ(0, tk)|
while on the support of Lφ, |x| ≥ r/2 = α|Φ(0, tk)|/2tk so
κ|x|2 ≥
ǫα2|Φ(0, tk)|
4t2k
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and
Φ(x, t) · ξ0 − κ(|x|2 − |Φ(x, t)|2) ≤ (1 + 2c−
ǫα2
4t2k
)|Φ(0, tk)|.
Hence, if tk is chosen sufficiently small, we also get exponential decay for the second
integral on the right hand side of (3.6) with t1 replaced by tk.
We have thus shown that the function
F (z, ζ) =
∫
B
eE(z,ζ,x,0)φ(x)f(x, 0)dxZ(x, 0)
satisfies an exponential decay of the form
|F (z, ζ)| ≤ Ce−R|ζ|
for z near 0 in Cn and ζ in a complex conic neighborhood of ξ0 in Cn. In particular,
since Z(0, 0) = 0 and dxZ(0, 0) is the identity matrix, the function
G(x, ξ) = F (Z(x), (Zx(x)
−1)tξ)
has an exponential decay for (x, ξ) in a real conic neighborhood of (0, ξ0). By
Theorem 2.2 in [BC], it follows that (0, ξ0) /∈WF (bf).
We now return to the proof of Lemma 3.2; it is here that we use the fact that X
and Y are linearly independent on a sequence pk ∈ γ
+ that approaches the origin.
We will show that Φ(0, t) cannot vanish identically on any interval (0, ǫ′). Let us
write L = ∂t + a · ∂x, Z = x + iΦ, Zx = I + i
tΦx and recall that
tΦx has small
norm for (x, t) close to 0. Now LZ = 0 leads to a = −i(I + i tΦx)
−1Φt. If Φ(0, t)
vanishes identically on [0, ǫ′] we will have, for those values of t, that Φt(0, t) = 0,
a(0, t) = 0, and Y (0, t) = Im a(0, t) = 0. Furthermore, X(0, t) = ∂t for 0 < t < ǫ
′,
showing that γ(s) = (0, . . . , 0, s) for 0 < s < ǫ′. Thus, X(γ(s)) and Y (γ(s)) are
linearly dependent for 0 < s < ǫ′, a contradiction. Therfore, there exists a sequence
sk ց 0 such that |Φ(0, sk)| > 0 and since Φ(0, 0) = 0 there is another sequence
tk ց 0 satisfying (1) and (2), which in turn possesses a subsequence that satisfies
(1), (2) and (3).
ii) Consider as before a complete set of smooth first integrals of L = X + iY
defined in neighborhood V ⊂ U of the origin, Z1, . . . , Zn, LZj = 0, k = 1, . . . , n,
dZ1 ∧ · · · ∧ dZn(0, 0) 6= 0 , and local coordinates (x, t) in which the Zj’s have the
form Zj(x, t) = xj + iΦj(x, t), k = 1, . . . , n, with Φ(0, 0) = 0, Φx(0, 0) = 0 and
Φxx(0, 0) = 0. Since Y is proportional to X along γ
+ it follows that XZj = 0
on γ+; therefore XReZj = 0 on γ
+ which in the coordinates (x, t) implies that
xj(γ
+) = 0, j = 1, . . . , n. Since Zj vanishes on γ
+ we conclude that Φj(0, t) = 0 for
0 ≤ t < t0, for some t0 > 0 and any j = 1, . . . , n. This shows that Z = (Z1, . . . , Zn)
maps {0} × [0, t0) ⊂ R
n × R into {0} ⊂ Cn.
Let us denote by F (ζ) = 〈ζ〉 = (ζ21 + · · ·+ ζ
2
n)
1
2 the holomorphic function 〈ζ〉 =
(ζ21 + · · · + ζ
2
n)
1
2 where we take the principal branch of the square root in the
region |Im ζ| < |Re ζ| and set F (0) = 0. We also set Fǫ(ζ) = (ζ
2
1 + · · · + ζ
2
n + ǫ)
1
2 ,
ǫ > 0. Shrinking V if necessary we assume that Z(V+) = V+ + iΦ(V+) is contained
in |Im ζ| ≤ |Re ζ|/2 and the composition u(x, t) = F (Z(x, t)) is well defined and
continuous. Approximating u(x, t) by the smooth functions uǫ(x, t) = Fǫ(Z(x, t)),
ǫց 0 that satisfy Luǫ = 0 we see that u satifies the homogeneuous equation Lu = 0
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in the sense of distributions in V+ and so does f(x, t) = u(x, t)
3. A moment’s
reflection shows that f ∈ C1(V +)∩C0(V +). Furthermore, Z21 (x, 0)+· · ·+Z
2
n(x, 0) =
λ(x) |x|2 where λ is a smooth complex-valued function that does not vanish in a
neighborhood of the origin, so f(x, 0) = λ(x)3/2|x|3 and the wave front sets of
f(x, 0) and x 7→ |x|3 coincide for small values of x. The wave front set of |x|3
is precisely {0} × (Rn \ {0}) because |x|3 is smooth except at the origin and it is
invariant under rotations.
In the proof of Theorem 1.1 we will also need the following lemma on measures
which arise as traces of homogeneous solutions of vector fields.
Lemma 3.3. Let
L =
∂
∂t
+ i
n∑
j=1
bj(x, t)
∂
∂xj
be smooth on a neighborhood U = B(0, a) × (−T, T ) of the origin in Rn+1 with
B(0, a) = {x ∈ Rn : |x| < a}. We will assume that the coefficients bj(x, t),
j = 1, . . . , n are real and that all of them vanish on F×[0, T ), where F ⊂ B(0, a) is a
closed set. Assume that f ∈ C1(U+) satisfies Lf = 0 on U+ = C1(B(0, a)×(0, T )),
has tempered growth as t ց 0 and its boundary value bf(x) = f(x, 0) is a Radon
measure µ. Then the restriction µF of µ to F defined on Borel sets X ⊂ B(0, a)
by µF (X) = µ(X ∩ F ) is absolutely continuous with respect to Lebesgue measure.
Proof. If x˜ is an arbitrary point in F we may write
(3.10) bj(x, t) =
n∑
k=1
(xk − x˜k)βjk(x, x˜, t)
with βjk(x, x˜, t) real and smooth. Recall that for any φ ∈ C
∞
c (−a, a) we have
(3.11)
〈µ, φ〉 =
∫
f(x, T )Φk(x, T )ds+
∫ T
0
∫ a
−a
f(x, t)LtΦk(x, t) dxdt
Φk(x, t) =
k∑
j=0
φj(x, t)
tj
j!
where φ0(x, t) = φ(x),
φj(x, t) = −
∂
∂t
φǫj−1(x, t)−
n∑
s,ℓ=1
∂
∂xs
(xℓ − x˜ℓ)βjℓ(x, x˜, t)φj−1(x, t), j = 1, . . . , k,
and k is a convenient and fixed positive integer. We may as well write
(3.12) Φk(x, t) = A(x, t,Dx)φ(x)
where A(x, t,Dx) =
∑
|α|≤k aα(x, t)D
α
x is a linear differential operator of order k
in the x variables with coefficients depending smoothly on t. The coefficients aα
are obtained from the coefficients bj(x, t) of L by means of algebraic operations and
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differentiations with respect to x and t. The key observation is that (3.10) implies
that, given any point x˜ ∈ F , A(x, t,Dx) may be written as
(3.13) A(x, t,Dx) =
∑
|α|≤k
n∑
ℓ=1
Aαℓ(x, x˜, t) ((xℓ − x˜ℓ)Dx)
α.
Notice that |Aαℓ(x, x˜, t)| ≤ C, for x ∈ B(0, a), x˜ ∈ F , t ∈ [0, T ), |α| ≤ k, and
ℓ = 1, . . . , n because the coefficients of L have uniformly bounded derivatives on
B(0, a). Hence, we obtain from (3.11), (3.12) and (3.13) the estimate
(3.14)
∣∣∣∣
∫
f(x, T )Φk(x, T )dx
∣∣∣∣ ≤ C ∑
|α|≤k+1
∫
B(0,a)
d(x, F )|α| |Dαxφ(x)| dx,
where d(x, F ) = inf x˜∈F |x − x˜|. We next consider the second integral on the right
in (3.11). We recall from the proof of Lemma 1.2 that
|LtΦk(x, t)| ≤ Ctk
We need to examine this inequality more closely. We will first show that for any j,
(3.15) Lt(Φj) =
φj+1
j!
tj
To see this, note that (3.15) holds for j = 0 from the definition of φ1. To proceed
by induction, assume (3.15) for j ≤ m. Then
Lt(Φm+1) = Lt(Φm) + Lt
(
φm+1
(m+ 1)!
tm+1
)
=
φm+1
m!
tm + Lt
(
φm+1
(m+ 1)!
tm+1
)
=
Lt(φm+1)
(m+ 1)!
tm+1
=
φm+2
(m+ 1)!
tm+1
This proves (3.15). Next we observe that since the coefficients bj(x, t) vanish on
F × [0, T ], each φj has the form
φj(x, t) =
∑
|α|≤j
cα(x, t)D
α
xφ(x)
where the cα are smooth and satisfy the estimate
(3.16) |cα| ≤ Cd(x, F )
|α|
The form (3.16) is clearly valid for φ0 = φ. Assume it is valid for φj . Then it will
also be valid for φj+1 since by definition, φj+1 = L
tφj . If we now choose k = N+1,
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(3.14), (3.15) and (3.16) imply that
∣∣∣∣∣
∫ T
0
∫ a
−a
f(x, t)LtΦk(x, t)dxdt
∣∣∣∣∣ ≤
∫ T
0
∫ a
−a
|f(x, t)|
φk+1(x, t)
k!
tkdxdt
≤ C
∫ T
0
∫ a
−a
|φk+1(x, t)|dxdt
≤ C
∑
|α|≤k+1
∫ a
−a
d(x, F )|α||Dαxφ(x)|dx(3.16)
Thus the second integral on the right hand side of (3.11) also satisfies an estimate of
the kind in (3.14). Consider now a compact subset K ⊂ F with Lebesgue measure
|K| = 0 and choose a sequence 0 ≤ φǫ(x) ≤ 1 ∈ C
∞
c (B(0, a)), ǫ → 0, such that i)
φǫ(x) = 1 for all x ∈ K; ii) φǫ(x) = 0 if d(x,K) > ǫ; iii) |D
α
xφǫ(x)| ≤ Cαǫ
−|α|. Note
that φǫ(x) converges pointwise to the characteristic function of K as ǫ → 0 while
Dαφǫ(x)→ 0 pointwise if |α| > 0. Let ψ ∈ C
∞
c (B(0, a)) and use (3.14) and (3.16)
with φ = φǫψ keeping in mind the trivial estimate d(x, F ) ≤ d(x,K). By the dom-
inated convergence theorem, 〈µ, φǫψ〉 →
∫
K ψ dµ while ‖d(x,K)
|α|Dαxφǫ(x)‖L1 ≤
‖ǫ|α|Dαxφǫ(x)‖L1 → 0 as ǫ→ 0 (when α = 0 one uses the fact that |K| = 0).
Thus, (3.14) and (3.16) show that
∫
K
ψ dµ = 0, ψ ∈ C∞c (B(0, a)),
which implies that the same conclusion holds for any continuous function ψ on K
(first extend ψ to a compactly supported function on B(0, a) and then approximate
the extension by test functions). Thus the total variation |µ|(K) of µ on K is zero
and by the regularity of µ it follows that |µ|(F ′) = 0 whenever F ′ ⊂ F is a Borel
set with |F ′| = 0. This proves that µF is absolutely continuous with respect to
Lebesgue measure.
We now consider the set
F0 = {x ∈ B(0, a) : ∃ǫ > 0 : bj(x, t) = 0, ∀t ∈ [0, ǫ], j = 0, . . . , n}
which is a countable union of closed sets
Fǫ = {x ∈ B(0, a) : bj(x, t) = 0, ∀t ∈ [0, ǫ], j = 0, . . . , n}
to which we can apply Lemma 3.3 and conclude that µFǫ is absolutely continuous
with respect to Lebesgue measure. Thus, µF0 is also absolutely continuous with
respect to Lebesgue measure and the Radon-Nikodym theorem implies that there
exists g ∈ L1loc(B(0, a)) such that
µF0(X) =
∫
X
g(x) dx, X ⊂ B(0, a) a Borel set.
The results proved sofar immediately imply Theorem 1.1:
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Proof of Theorem 1.1. We may assume that the vector field has the form
L =
∂
∂t
+ ib(x, t)
∂
∂x
where b(x, t) is real and smooth on a neighborhood of U = B(0, a)× (−T, T ) of the
origin in R2 with B(0, a) = {x ∈ R : |x| < a}. Since the trace bf is a measure, by
the Radon-Nikodym theorem, we may write
bf = g + µ
where g is a locally integrable function and µ is a measure supported on a set E
of Lebesgue measure zero. Suppose x0 is a point for which we can find a sequence
tj converging to 0 with b(x0, tj) 6= 0. Let Z(x, t) be a first integral satisfying
Z(x0, 0) = 0, and Zx(x0, 0) = 1. If Im Zt(x0, 0) 6= 0, then L will be elliptic in
a neighborhood of (x0, 0) and so by the classical F. and M. Riesz theorem, we
can conclude that bf is absolutely continuous near (x0, 0). Otherwise, the proof
of Theorem 3.1 shows that the FBI transform with this Z as a first integral and
arbitrarily large κ decays exponentially in a complex conic neighborhood of (x0, ξ0),
for some nonzero covector. By Theorem 2.2 in [BCT], it follows that near the point
x0, modulo a smooth nonvanishing multiple, the trace bf is the weak boundary
value of a holomorphic function F defined on a side of the curve x 7−→ Z(x, 0). But
then, again by the classical F. and M. Riesz theorem, bf is locally integrable near
x0, that is, x0 /∈ E. Hence the set E is contained in the set
F0 = {x ∈ B(0, a) : ∃ǫ > 0 : bj(x, t) = 0, ∀t ∈ [0, ǫ], j = 0, . . . , n}.
But we already observed that the restriction of bf to F0 is absolutely continuous
with respect to Lebesgue measure which implies that µ is zero.
Remarks.
(1) In the preceding proof, instead of using Theorem 2.2 in [BCT], we can use
Lemma 3.3 and Theorem 3.1 in this paper together with Theorem 1.4 in [B].
However, since this latter theorem in [B] uses a deep theorem of Uchiyama
on the characterization of the real Hardy space, we chose to present a simpler
argument.
(2) In the proof of part ii) of Theorem 3.1 we showed how to construct —
under the hypothesis that L is proportional to a real vector field along an
integral curve of that vector— a C1 solution such that its trace has a full
wave front set at the origin. An obvious modification of the proof yields
Ck solutions with the same property for any k = 1, 2, . . . and the question
arises whether it would be possible to take k =∞. Cleary, this is not true
in general because singularties of the trace may propagate to the interior,
as it is easy to check with the simple example L = ∂t where the solutions
Lf = 0 are funcions of x alone. We will return to this matter in Example
4.3 in the next section.
4. Examples and applications
We begin here with a lemma which shows that when the vector field is locally
integrable, then a solution is determined by its trace. More precisely, we have :
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Lemma 4.1. Suppose X, U , L and f are as in Lemma 1.2 and assume in addition
that Lf = 0 in U+, L is locally integrable in U and that the trace bf = 0 in X.
Then f ≡ 0 in a neighborhood of X × {0} in U+ ∪ (X × {0}).
Proof. Estimate (1.2) in section 1 allows us to define a distribution h in U by
〈h, ψ(x, t)〉 =
∫ T
0
∫
X
f(x, t)ψ(x, t)dxdt
We will show that Lh = 0 in U . Since h = f when t > 0 and h = 0 when t < 0,
we need only show that h is a solution near t = 0. Suppose then φ(x) and ψ(t) are
smooth functions of compact support and ψ(T ) = 0. We have:
〈Lh, φ(x)ψ(t)〉 = 〈h, L∗(φ(x)ψ(t))〉 = − lim
ǫ→0+
∫ T
ǫ
∫
X
f(x, t)L∗(φ(x)ψ(t))dxdt
= − lim
ǫ→0+
∫ T
ǫ
∫
X
(Lf(x, t))φ(x)ψ(t)dxdt
+
(∫
X
f(x, T )φ(x)dx
)
ψ(T )− lim
ǫ→0+
∫
X
f(x, ǫ)φ(x)dxψ(ǫ)
= 0.
Note that the second equality above is justified by estimate (1.3). Thus Lh = 0
in U , and since the trace of h on a noncharacteristic hypersurface is zero, by a
well known theorem of uniqueness for locally integrable vector fields (see [BT]), it
follows that h ≡ 0.
We will next apply the method of proof of Theorem 3.1 to present an example of
a nonanalytic tube vector field in the plane which exhibits an interesting property:
the trace of any C1 solution of tempered growth is real analytic and extends as a
smooth solution in a full neighborhood of points on the boundary.
Example 4.2. Let e(t) = exp(−1/t2) and set
Φ(x1, x2, t) = (Φ1,Φ2) = e(t)
(
cos(t−1), sin(t−1)
)
,
L =
∂
∂t
− iΦ1t
∂
∂x1
− iΦ2t
∂
∂x2
Z = (x1 + iΦ1, x2 + iΦ2).
Then, for every unit vector v in R2 there is a sequence satisfying (1), (2) and (3)
of Lemma 3.2. Since the origin can be replaced by any point in the argument, it
follows from the proof of Theorem 3.1 and the fact that Zj(x, 0) = xj that the
weak trace of any C1 solution of Lf = 0, t > 0, with tempered growth as t ց 0,
has to be real analytic. Say f(x, 0) =
∑
aαx
α , where the power series converges
in some neighborhood of the origin. Let H(x, t) =
∑
aαZ(x, t)
α. Then LH = 0 in
a neighborhood of the origin in the plane and by Lemma 4.1, H agrees with f in
the region t > 0.
Example 4.3. Consider the vector field in the plane given by
(4.1) L =
∂
∂t
−
2ixt
1 + it2
∂
∂x
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The t-axis is an elliptic submainifold for L (see [HT] for the definition) and by
the main result proved in [HT] this axis propagates analyticity for solutions of the
homogeneous equation. That is, if Lu = 0 on a neighborhood Ω of the origin and
u is analytic at some point (0, t0) ∈ Ω, then u is analytic at every point (0, t) ∈ Ω.
However, Treves showed [T] that the t-axis does not propagate smoothnes: there is
a solution u of L which is continuous in the plane, smooth off {t = 0}, but the trace
u(x, 0) is not smooth at the origin. The existence of such a solution was proved
in a nonconstructive fashion using a Baire category argument. Here we wish to
construct a solution h with the additional property that the C∞ wave front set of
the trace h(x, 0) at the origin contains both directions 1 and −1.
Observe that the function Z(x, t) = x(1 + it2) is a first integral of L in the plane.
For each k a positive integer, define
Wk(x, t) =
(
Z(x, t)2 −
1
k2
) 1
2
where we take the principal branch of the square root off the negative y axis. Note
that Wk is continuous in the plane and smooth in C except at (
1
k , 0) and (−
1
k , 0).
Let
h(x, t) =
∞∑
k=1
1
3k
Wk(x, t)
The function h is clearly continuous everywhere since the series converges absolutely
on compact sets. We will show that h is smooth when t 6= 0. Let
gk(x, t) = Z(x, t)
2 −
1
k2
Fix two positive numbers M > δ and consider the size of gk in the region δ ≤ |t| ≤
M . We have
|gk(x, t)|
2 = (1 + 2t4 + t8)x4 + (
2t4 − 2
k2
)x2 +
1
k4
It follows that there exists a constant C(M, δ) > 0 such that
(4.2) |gk(x, t)| ≥
C(M, δ)
k2
whenever δ ≤ |t| ≤ M . We will now show that when t 6= 0 and for n a positive
integer,
DnWk(x, t) =
[n2 ]∑
j=0
Ajg
1
2
−n+j
k (Dgk)
n−2j(D2gk)
j
where D = ∂∂x , [y] denotes the greatest integer less than or equal to y, and the Aj
are constants depending only on n. In particular, these constants do not depend
on k. We will prove this assertion by inducting on n. When n = 1, the formula is
valid since
DWk(x, t) =
1
2
(Dgk)g
− 1
2
k
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Assume the assertion for some n and apply D to both sides of the formula. When
n is odd, since D3gk = 0, we get
Dn+1Wk =
[n2 ]∑
j=0
(
1
2
− n+ j)Ajg
1
2
−n−1+j
k (Dgk)
n+1−2j(D2gk)
j
+
[n
2
]∑
j=0
Ajg
1
2
−n+j
k (Dgk)
n−1−2j(D2gk)
j+1
In the second sum replace j by j + 1 and observe that since n is odd,
[n
2
]
+ 1 =
[
n+ 1
2
]
We are then led to
Dn+1Wk(x, t) =
[n+12 ]∑
j=0
Bjg
1
2
−n−1+j
k (Dgk)
n+1−2j(D2gk)
j
for some Bj depending only on the Al and n, and hence independent of k. When
n is even, observe that in the second sum of Dn+1, the index j goes only upto
[n/2]− 1. Hence in this second sum if we replace j by j + 1 and observe that
[n
2
]
=
[
n+ 1
2
]
,
we get an expression for Dn+1Wk as required.
The expression for DnWk(x, t) together with the lower bound (4.2) show that the
series
∞∑
k=1
1
3k
DnxWk(x, t)
converges absolutely for x in a compact set and 0 < δ ≤ |t| ≤ M . Thus Dnxh(x, t)
exists for all n when t 6= 0. Next note that since LWk(x, t) = 0 when t 6= 0, we
have
DnxDtWk =
n+1∑
j=0
Pj(x, t)D
j
xWk,
for some smooth Pj . Therefore using what was already proved, we see that for any
n, DnxDth(x, t) exists and Lh = 0 when t 6= 0. We can now iterate by differentiating
the equation Lh = 0 to conclude that h is smooth when t 6= 0. Finally, note that
the trace
h(x, 0) =
1
3k
Wk(x, 0) + Ek(x)
where Ek is C
1 at the points |x| = 1k . Hence h(x, 0) is not C
1 in any neighborhood
of the origin. Moreover, since h(x, 0) = h(−x, 0), both 1 and −1 are in the wave
front set of h(x, 0) at the origin.
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Remarks.
(1) In the preceding example, if we restrict the solution h(x, t) to the domain
D = {(x, t) : t > x2} bounded by the parabola t = x2 we see that its
boundary value bh(x) = h(x, x2) is smooth except at the origin where its
wave front set contains both directions.
(2) The geometric background behind Example 4.3 is as follows: the vector
field L is a Mizohata vector field for x > 0 and a conjugate Mizohata vector
field for x < 0. The wave front set of the trace of a smooth solution of
the homogeneous Mizohata equation defined on the upper plane necessarily
lacks the direction ξ < 0 while in the case of the conjugate Mizohata vector
field the missing direction is ξ > 0. However, approaching the origin from
both sides a singularity that contains the two microlocal directions can be
produced.
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